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We investigate a heat engine with a finite length Kitaev chain in an Otto cycle. Finite size effects
are taken into account using method of Hill’s nanothermodynamics as well as using the method of
temperature dependent energy levels. We distinguish the bulk and boundary contributions to the
efficiency and work output of Kitaev chain engine and identify them as non-Otto heat engine and
refrigerator cycles, respectively. Possibility of separately running Otto engine cycles associated with
the bulk and the whole system, and an Otto refrigerator at the boundary is pointed out. It is found
that the critical point of the topological phase coincides with the extremum of the efficiency and the
work output of the bulk and the total Otto engine.
I. INTRODUCTION
Thermodynamic methods to describe energy processes
are strictly applicable only to macroscopically large ob-
jects. Progress in engineering ever smaller energy de-
vices makes the question of how to extend the scope
of thermodynamics to finite-size structures increasingly
significant. For macromolecules, such as polymers, a for-
mulation of thermodynamics has been proposed in the
early 1960s by T. L. Hill [1, 2], and called as nanothermo-
dynamics [3–5] whose general principles can be applied
to other finite-size systems, too. In particular, phases of
topological insulators have been studied using nanoth-
ermodynamic approach [6, 7] and relation to Uhlmann
Phase approaches [8, 9] are pointed out; while nanoth-
ermodynamics predict a negligible boundary effect on
the anomalous heat capacity in topological Kondo insu-
lators [10]. Our recent studies suggest that gap-closing
topological phase transitions can be probed using work
output of quantum heat engines [11]. Here we ask if simi-
lar conclusions can be reached in the presence of finite-size
effects and examine a nanothermodynamic heat engine of
a finite-length Kitaev chain [12].
Kitaev chain can exhibit a topological phase transition
(TPT) from a trivial to a topological insulator phase
in which it hosts topological excitations of zero-energy
Majorana modes localized at the edges; whose nonabelian
braiding statistics are appealing for topological quantum
computation [13]. Due to the challenges of their direct
observation, indirect probing schemes have been discussed
[14]. An intriguing proposal is to utilize stroboscopic heat
current in a time periodic modulated spin chain to detect
signatures of Floquet-Majorana modes [15]. Our scheme
addresses a static Kitaev chain and makes a rigorous
treatment of heat transfer into the system by taking into
account finite-length effects using nanothermodynamic
methods and by considering interface effects of thermal
environment on the energy spectrum of the finite chain.
At the heart of the Hill’s nanothermodynamics lie the
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consideration of a macroscopic ensemble of equivalent,
identical, non-interacting small systems, whose addition
or removal energy cost is associated with so-called sub-
division potential [1, 2]. An alternative formulation of
thermodynamics of a system, smaller relative to its sur-
roundings, is based upon the idea of perturbation of the
system spectrum by the thermal environment [16, 17].
Canonical thermalization of the small system at the envi-
ronment temperature can be properly explained [18–20] by
applying such a method of temperature dependent energy
levels (TDELs). Hill’s nanothermodynamics and method
of TDELs are connected to each other by recognizing
the subdivision potential as the thermal perturbation by
the environment [18]. On the other hand, TDEL method
predicts a different amount of heat exchange between
the heat bath and the system, as it takes into account
the contribution of the bath-system interface as another
energy dissipation channel to the heat exchange [21, 22],
consistent with the extended second law of thermodynam-
ics [23]. Similar to the analysis of heat transfer efficiency
in thermoelectric devices with TDELs [22], we examine
effects of system-bath interface in the operation of our
topological nanothermodynamic heat engine.
Using the Hill’s nanothermodynamic methods, we dis-
tinguish the bulk and boundary contributions in the Ki-
taev chain engine. It is found that when the whole system
runs in an Otto engine cycle, bulk and boundary undergo
their own non-Otto engine and refrigerator cycles, making
positive and negative contributions to the overall work
output, respectively. In addition, it is pointed out that
three independent Otto cycles can also be introduced
between the same hot and cold baths for the total system,
bulk and boundary. We can have an Otto refrigerator sep-
arately at the boundary, while bulk and total system can
be in their own independent Otto engine cycles. When we
adopt the TDELs, the heat exchange between the baths
and the chain is modified, consistent with the generalized
second law. Both the input and output heat in the engine
operation is reduced, overall work output is also decreased,
when the energy loss in the system-bath interface is taken
into account.
This paper is organized as follows. We briefly review
the Hill’s nanothermodynamics and the framework of
TDELs that we use in two subsections in Sec. II. Our
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2model system, finite-length Kitaev Chain is presented in
Sec. III. The results and discussions are given in Sec. IV
in four subsections. We conclude in Sec. V.
II. METHODS
We summarize here the key points of two major histor-
ical approaches to extend thermodynamic description to
finite size systems: (i) Hill’s nanothermodynamics [1] and
(ii) temperature-dependent energy levels [18, 21, 22]. We
shall restrict ourselves using these two general methods
to develop our results while we remark that there are
other approaches to the thermodynamics of small systems
which are beyond the scope of present paper [24–26].
A. Hill’s Nanothermodynamics
In finite systems, extensivity of free energies is broken
due to boundary effects. Hill’s idea is to consider an
ensemble of equivalent, idential and non-interacting small
systems, so that ordinary thermodynamics can be used by
introducing so-called subdivision potential,  to represent
the energetic cost of adding another replica of the small
system to the ensemble.
Let us assume the ensemble is a grand canonical one,
in an environment consisting of a particle and a heat bath
characterized by temperature T and chemical potential
µ, respectively. The Gibbs differential relation of the
ordinary thermodynamics can now be employed to write
dEt = TdSt − pMdV + µdNt + dM, (1)
where M is the number of replicas of the small system of
volume V and pressure p in the ensemble. Total internal
energy, entropy, and the number of the particles in the
ensemble are denoted by Et, St, and Nt, respectively.
The  in the last term could be interpreted as a “system”
chemical potential or as the work done by expanding the
ensemble by adding another replica to it. For the latter,
the “integral pressure”, pˆ is defined, by taking  as the
grand potential of a single system, with  = −pˆV by
Hill [2].
Integrating Eq. (1) by the Euler theorem, for fixed
T, p, µ,  then dividing the result by M we find
E = TS − pV + µN +X. (2)
Here E and N are the mean energy and mean number of
particles for a single small system in the ensemble; while S
is the entropy which the same for each small system [1, 2].
Due to the last term X := (p− pˆ)V , which is called as sub-
division potential, E is not a linear homogeneous function
of S, V,N . In general pˆ is size dependent, but the leading
order term is independent of V . The extensivity is broken,
while the ordinary thermodynamics can be recovered in
the limit X → 0. The corresponding differential Gibbs
relation is then found to be
dE = TdS − pdV + µdN, (3)
with the generalized Gibbs-Duhem equation
dX = −SdT + V dp−Ndµ, (4)
while the differential relation for  is the same as the
ordinary thermodynamic one,
d = −SdT − pdV −Ndµ. (5)
Connection to statistical mechanics can be made by
 = −kBT ln Ξ, (6)
where
Ξ(µ, T, V ) = Tr exp[−β(H − µN)], (7)
is the grand canonical partition function for a single small
system described by the Hamiltonian H in the ensemble
with β = 1/kBT .
Equations (2)-(4) constitute the essential relations of
Hill’s nanothermodynamics. We remark two subtle points
that first, it is assumed that the small systems can be
thermalized to the bath temperature T and Hill’s thermo-
dynamics does not give any mechanism for this thermal
equilibration; and second, subdivision potential is a phe-
nomoelogical term presented without any microscopic
origin. These two issues have been addressed within
the framework of temperature dependent energy levels
method.
B. Temperature-dependent energy levels
Method of TDELs has been proposed as a fast and con-
venient way of statistical mechanical calculations for an as-
sembly of systems [16, 17] and applied to semiconductors
[27–30], superfluids [31], optomechanical oscillators [32],
heat losses in thermoelectric systems [21, 22], thermaliza-
tion of finite-size systems [18–20]. TDELs can be associ-
ated with a temperature-dependent effective Hamiltonian,
or so called “Hamiltonian of mean force” arising as the re-
sult of a prior averaging over certain possible microstates
of the assembly in thermal equilibrium [33, 34]. For ex-
ample, electronic energy levels in semiconductors change
with the temperature due to interaction of the electron
with the lattice subject to thermal expansion [28].
In the presence of TDELs, the energy transferred from
the heat bath to the system cannot be completely identi-
fied as heat. As the system temperature changes to match
with that of the heat bath, the energy gaps between the
energy levels may change, in addition to their populations.
Writing the mean energy as E = 〈H(T )〉 = Tr(ρH(T ))
and keeping all the other parameters constant, the in-
finitesimal mean energy change for a small system in
contact with a heat bath then reads [18–22],
dE = TdST +
〈
∂H
∂T
〉
dT. (8)
3Here the first term is the heat associated with the popula-
tion changes of the TDELs with the corresponding entropy
ST . When the energy gaps change with T , the second
term cannot be interpreted as heat; it represents the work
applied to change the energy gaps. Such a mechanism
has been discussed in detail to explain thermalization of
small systems [18–20] and an effective heat describing
the actual heat transfer into the small system from the
thermal surroundings is defined by [18, 20–22]
δQeff = δQ−
〈
∂H
∂T
〉
dT. (9)
This equation originates from the first law modified
for a small system; rewriting it as dST = dQ/T −
〈∂H/∂T 〉dT/T one recovers the modified second law of
information transfer channels [23]. The entropy trans-
ferred from a heat source into the system through the
boundary is balanced by the entropy lost at the boundary.
The boundary acts as an energy channel interfacing the
heat source and the system.
Hill’s nanothermodynamics and the method of TDELs
can be connected to each other by recognizing that sub-
division potential can be determined by [18]
X = T
〈
∂H
∂T
〉
. (10)
We can use the calculations of Hill’s nanothermodynamics
to evaluate the heat transfer as described by the TDEL
method according to
Qeff =
∫
TdS −
∫
X
T
dT. (11)
We emphasize that the first term is written in terms the S
of Hill’s nanothermodynamics according to which we have
dE = dQ = TdS. TDELs method yields a correction term
associated with the work done on the energy gaps such
that some heat is dissipated at the system-bath interface
and only an effective heat is received by the system.
III. MODEL: KITAEV CHAIN IN OTTO CYCLE
Kitaev chain is the one dimensional topological super-
conductor model [35], which consists of spinless fermions,
described by the Hamiltonian
H = −µ
N∑
i=1
a†iai −
N−1∑
i=1
(
ta†iai+1 −∆ai+1ai + h.c.
)
.(12)
Here, i = 1...N labels the N sites on the one-dimensional
finite-length Kitaev chain. µ is the chemical potential, t
is the hopping parameter, and ∆ is the superconducting
pairing parameter. The fermionic annihilation (creation)
operators, ai(a†i ) satisfy the anti-commutation relations
{ai, a†j} = δij . The Kitaev chain can be found in a triv-
ial and a topological phase for |µ| < 2t, and |µ| > 2t,
respectively; and a topological phase transition happens
at |µ| = 2t. The Kitaev chain hosts a pair of Majorana
fermions when it is in the topological phase.
Following the Hill’s nanothermodynamics an ensem-
ble of identical, equivalent, non-interacting copies of a
finite-length Kitaev chain will be considered. While for
the TDEL approach, we consider a macroscopic Kitaev
chain decomposed into two parts: One part is taken as
the finite-length system, and the other is an interface
lead which is sufficiently long enough to be assumed in
thermal equilibrium with a heat bath [16]. TDEL arise
as the result of averaging over the interface microstates
and describe thermodynamically consistent heat exchange
during the thermalization of the finite-length chain at the
heat bath temperature.
Bulk and boundary thermodynamical properties of the
finite-length Kitaev chain can be investigated using the
Hill’s nanothermodynamic framework. For that aim, the
following ansatz for the grand potential is introduced [6]
Φ(µ, T, L) = Φc(µ, T )L+ Φ0(µ, T ). (13)
Here ΦcL = −pL is the bulk grand potential, which is
extensive, while Φ0 = X is the subdivision potential
emerging due to the finite lenght of the chain. The corre-
sponding entropies obey a similar relation,
S = ScL+ S0. (14)
Here S is the total entropy of the system, and ScL and
S0 are bulk and boundary contributions, respectively.
We first find the eigenvalues of the Hamiltonian in
Eq. (12) then evaluate the total entropy S of the chain.
Sc and S0 are determined by using a linear fit to S for
an n-site chain (we take the unit length of the chain
as 1 so that L = n) in the interval 200 < n < 225.
The length is chosen to be sufficiently large to make
the linear fit a valid approximation [6]. Repeating the
procedure for different temperatures T − S relation is
found. The thermodynamic cycle we consider will be that
of an Otto engine. Otto cycle consists of two isentropic
(adiabatic) and two isochoric (isoparametric) stages. We
take the hopping parameter t as the control parameter
for the Otto cycle. The S − T curves at different t will
be used to determine the explicit cycle diagram. and the
associated work output In the following subsections the
corresponding work and efficiency of the Kitaev chain
Otto cycle will be investigated by special attention to
distinguish separate bulk and boundary contributions
and by considering the effect of bath-system interface as
an energy channel modifying the heat exchange between
the heat baths and the Kitaev chain.
IV. RESULTS AND DISCUSSION
In our calculations we consider a Kitaev chain of length
n = 225 with a superconducting pairing parameter ∆ =
0.25. Chemical potential is fixed at µ = 0.5, and t is used
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Figure 1. (Color Online) Entropy-temperature (S − T ) curves
of a finite-length Kitaev chain according to Hill’s nanothermo-
dynamics. The chain has n = 225 sites and characterized with
a superconducting pairing parameter ∆ = 0.25. The chemical
potential is fixed to µ = 0.5. The solid red curve is for the
hopping parameter t2 = 0.3 while the blue dash-dotted one is
for t1 = 0.2. An Otto cycle can be defined using the segments
between the points A,B,C, and D determined by the inter-
section of the curves and the yellow dashed and purple dotted
constant entropy lines. The cycle operates between a hot bath
at temperature TB = 0.08 and a cold bath at temperature
TD = 0.05 in the clockwise direction. The arrows indicate the
direction of the heat engine cycle producing positive work.
as the control parameter for which TPT takes place at
t = 0.25. The energy parameters are scaled by kB/~v = 1,
where v is the velocity of the excitations [7].
A. Work and efficiency of finite-length Kitaev
chain Otto Engine
Let us first consider the finite-length Kitaev chain as a
whole. The T−S curves of the chain at t1 = 0.2 (blue dot-
dashed) and t2 = 0.3 (solid red) are plotted in Fig. 1. The
horizontal lines are the constant entropies S = S2(TB) =
S1(TA) and S = S2(TC) = S1(TD), where Tx denote the
temperature of the chain at the point x = A,B,C,D. The
lines are fixed by the hot bath and cold bath temperatures,
TB = 0.08 and TD = 0.05, respectively. The Otto cycle is
then determined by finding the intermediate temperatures,
TA and TC from the constant entropy conditions.
The heat exchanges of the chain with the heat baths
at the isoparametric stages A → D (cold isochore) and
C → B (hot isochore) are calculated by
Qin =
∫ TB
TC
T
dS2
dT
dT, Qout =
∫ TD
TA
T
dS1
dT
dT, (15)
where the entropies of the chain for t = t1 and t = t2
are distinguished by S1 and S2, respectively. The net
work performed by the cycle is then calculated by W =
Qin + Qout. Positivity of W is required for heat engine
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Figure 2. (Color online) Absorbed heat Qin (blue dashed),
ejected heat Qout (red dotted dashed), and net work outputW
(yellow solid) are given as a function of the hopping parameter
t1 of the cold isochore for an Otto cycle working between a hot
bath at temperature TB = 0.08 and a cold bath at temperature
TD = 0.05.
operation while a negative work output would be the case
of refrigerator behavior.
We now fix the parameter of the hot isochore t2 = 0.3
and vary the one for the cold isochore t1 ≡ t from 0.2 to
0.3. Using the construction of the Otto cycle described
in Fig. 1, we evaluate the work output and the efficiency
of the cycle. The injected and ejected heat are plotted,
together with the work output, in Fig. 2 for the range
of t1. We observe that at t = 0.25, which is the critical
point of TPT, the heat absorbed by the Kitaev chain
and the associated work output of the cycle becomes
maximum. For this range of t2, Qin > 0 and Qout < 0 so
that the cycle can be properly described as a heat engine
operation.
The efficiency is plotted in Fig. 3 and is maximum at
TPT. TPT enhances finite the Kitaev chain heat engine
work output as well as its efficiency.
B. Bulk and boundary contribution to the work
output of the Kitaev chain heat engine
Hill’s nanothermodynamic framework allows us to ex-
amine the bulk and boundary contributions to the net
work output of the Kitaev chain heat engine. For that
aim, we use Eq. (14) to write the total heat exchange
Q =
∫
TdS =
∫
TdScL+
∫
TdS0 = QcL+Q0, (16)
in terms of the bulk and boundary contributions, QcL
and Q0, respectively.
For the same Otto cycle, described in Fig. 1, the bulk
contributions to injected and ejected heat are plotted
in Fig. 4a. Behavior of the heat absorbed by the bulk
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Figure 3. (Color online) Efficiency η of finite Kitaev chain heat
engine is given as a function of the hopping parameter t1 of
the cold isochore for an Otto cycle working between a hot bath
at temperature TB = 0.08 and a cold bath at temperature
TD = 0.05.
depending on t is qualitatively the same with that for the
entire chain (cf. Fig. 2).
While the dependence of injected and ejected heat on
the hopping parameter t1 of the cold isochore do not
exhibit any qualitative difference for bulk and the entire
chain, boundary contribution is remarkably different from
the both. Fig. 4b plots the boundary contribution to the
heat transfers. Boundary contribution is about an order
of magnitude smaller than the bulk contribution, and
hence cannot change the qualitative behavior dictated
by the bulk contribution. Boundary contribution to the
work output is negative for the range of t1 considered,
in contrast to the bulk contribution, which is positive.
Boundary reduces the injected heat in the topological
phase but enhances it in the trivial phase. Ejected heat
benefits from the boundary in both phases. Contributions
of both the bulk and the boundary to the work output of
the engine are maximum at the critical point of TPT.
We remark that the bulk and boundary contributions
to the work output of the entire finite-length Kitaev chain
are not associated with their separate Otto engines per
se. How to identify such independent operating bulk,
boundary, and total Otto cycles will be the question we
address in the next subsection.
C. Three Otto cycles with a single finite-length
Kitaev chain
It is possible to identify three independently running
Otto cycles, associated with the total, bulk and bound-
ary separately. For that aim we examine the entropy-
temperature curves, Sc−T , S0−T , and S−T separately.
We consider the same temperature range for the cycles
as in the previous discussions, with a hot bath at tem-
perature TB = 0.08 and a cold bath at temperature at
TD = 0.05. It is possible to define Otto cycles for the
total and bulk sections of the engine in a wider range of
parameter regimes, however in order to consider an Otto
cycle for the boundary, a limited parameter range exists
for the temperatures considered. Thus, we are limited to
the parameter range t1 = 0.29 and t2 = 0.3 to be able to
construct three Otto cycles making use of total system,
its bulk and boundary independently. We note that this
parameter range is where the Kitaev chain is in its normal
phase.
Accordingly, the Otto cycles can be determined for bulk
and boundary, similar to the case of the total system. The
cycles will be different due to the differences in the inter-
mediate temperatures determined by isentropy conditions
for bulk and boundary entropies Sc, S0 and entropy of
the total chain S and hence would yield different work
outputs. In general, our numerical investigations suggest
that bulk and total system temperatures are close to each
other while the boundary can have significantly different
temperatures. Moreover, the entropy of the boundary
can be negative for some parameter regimes [7]. Through
numerical investigations we find a narrow regime in the
trivial phase, between t1 = 0.29 and t2 = 0.3 for which
boundary can receive work through a refrigerator.
The work outputs are shown in Figs. 5a and 5b. For the
temperature and parameter range considered, the bulk
behaves like a heat engine for the Otto cycle, while the
boundary becomes a refrigerator. For the clockwise direc-
tion of the cycle, the bulk receives heat as its temperature
increases isoparametricaly from C to B, and releases heat
going from point A to D. For the boundary, again for the
clockwise direction of the cycle, the situation is reversed
such that the boundary releases heat going from point
C to B as its temperature decreases and vice versa from
point A to D.
When we compare the efficiencies of the heat engine
for the total system and its bulk, as in Fig. 6, we observe
that the bulk heat engine is more efficient than the total.
D. Effective Work
Both Hill’s approach and TDEL method are used to de-
scribe the thermodynamics of small systems. The connec-
tion between these two nanothermodynamic approaches
is sustained by recognizing that the subdivision poten-
tial acts as the thermal perturbation by the environment.
However, these two methods present different amount of
heat exchange between a bath and system. Hill’s nan-
othermodynamics allows for the contribution of bulk and
boundary to be identified separately so that the thermo-
dynamic properties of a finite system can be investigated
for bulk, boundary, and the total system separately. We
elaborate in Sec. II how three independent Otto cycles
can be formed taking advantage of this identification.
TDEL method, on the other hand, describes the bound-
ary as an energy channel interfacing the bath and the
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Figure 4. (Color Online) (a) The bulk and (b) the boundary contributions to the injected Qinc , Qin0 (blue dashed) and ejected
heat, Qoutc , Qout0 (red dotted), and to the work output Wc, W0 (yellow solid), respectively, as a function of the hopping parameter
t1 of the cold isochore of a finite-length Kitaev chain in an Otto cycle, operating between a hot bath at temperature TB = 0.08
and a cold bath at temperature TD = 0.05.
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Figure 5. (Color online) The injected Qinc , Qin0 (red dashed) and ejected heat,Qoutc , Qout0 (blue dotted) and the work output Wc,
W0 (yellow solid) coressponding to (a) the bulk heat engine and (b) the boundary refrigerator, respectively, as a function of
the hopping parameter t1 of the cold isochore of a finite-length Kitaev chain in independent Otto cycles, operating between a
hot bath at temperature TB = 0.08 and a cold bath at temperature TD = 0.05 in the parameter range between t1 = 0.29 and
t2 = 0.3. Note that the intermediate temperatures for each engine would be different due to different entropy values leading to
different isentropy conditions.
system. As is eloborated in Sec. II B, the subdivision po-
tential of Hill’s nanothermodynamics can be used to cal-
culate the heat dissipated through this boundary energy
channel. This is with the aid of making the association
X = φ0 in Eq. (11) [18].
Incoming and outgoing heats read
Qout(eff) =
∫ SD
SA
TdS −
∫ TD
TA
Φ0
T
dT, (17)
Qin(eff) =
∫ SB
SC
TdS −
∫ TB
TC
Φ0
T
dT. (18)
The total work is
Weff = Qin(eff) +Qout(eff). (19)
We calculate the injected and ejected effective heat and
also the effective work for the Otto cycle in Fig. 1 using
Eqs. (17)-(19). The results are plotted in Fig. 7a.
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Figure 6. (Color online) Efficiencies of (a) a total system
Otto heat engine (blue solid), (b) a bulk Otto heat engine
(red solid), η, ηc respectively are given as a function of the
hopping parameter t1 of the cold isochore for Otto cycles
working between a hot bath at temperature TB = 0.08 and a
cold bath at temperature TD = 0.05.
There is a signature of TPT in both Qin(eff) and Qout(eff)
and in the effective work Weff as well at t = µ/2 as a
maximum point. At the critical point where the topo-
logical phase transition takes place, the system absorbs
the maximum amount of heat and the associated work
gets maximum. We also present a comparison between
work, calculated using Hill’s nanothermodynamics, and
effective work in Fig. 7b. Both work and effective work
have qualitatively the same behavior, but the effective
work Weff acquires lower values for the same parameter
range. Moreover, it is negative for t < 0.225 and t > 0.28
and operates as a refrigerator. The behavior of exchanged
heats yielded by Hill’s nanothermodynamics are com-
pared with the effective heats in Fig. 8. It is observed
that both Qin(eff) and Qout(eff) are smaller than what we
obtained by using Hill’s nanothermodynamic formalism.
However, they are similar qualitatively and show TPT
sign at t = µ/2.
V. CONCLUSIONS
We propose a heat engine which uses the finite Ki-
taev chain as its working substance. The heat engine is
based on an Otto cycle where there are two isoentropic
(adiabatic) and two isoparametric stages. The external
parameter in the engine is the hopping parameter of the
Kitaev chain.
We report that the topological phase transition of the
finite Kitaev chain enhances both the total work output
and the efficiency. We further investigate the thermody-
namic properties of the finite-length Kitaev chain within
two thermodynamic frameworks for finite size systems:
Hill’s nanothermodynamics and TDELs scheme. Based
on Hill’s nanothermodynamics, we identify the separate
qualitative and quantitative features arising from the bulk
and boundary in the work output of the Otto cycle. We
found that bulk and boundary undergoes non-Otto cycles;
bulk produces positive work, as the total system, while
the boundary makes negative contribution to the total
work and operates in a refrigerator cycle.
We also point out the possibility of three Otto cycles
working independently between two baths and making use
of the total, bulk and boundary separately. This scheme
only works in the normal phase of the Kitaev chain. While
the total system and the bulk operate as heat engines,
the boundary operates as a refrigerator. The bulk heat
engine is more efficient than the total system heat engine.
In addition, we have calculated the effective heat ex-
changes and the effective work within the TDELs scheme.
We find that the effective work is qualitatively lower than
what is calculated by Hill’s nanothermodynamics. Both
the incoming and outgoing heat exchanges are reduced
as well due to the energy dissipation in the system-bath
interface.
While Hill’s nanothermodynamics allows for the iden-
tification of the bulk and boundary contributions in the
heat engine operation clearly, TDELs provides proper
assignment of heat exchanges between the heat baths and
the finite system. We conclude that these two approaches
compliment each other and can be used in conjunction for
detailed modeling of thermal machines and experiments
with topological finite systems.
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Figure 7. (Color online) (a) Effective incoming heat Qin(eff) (blue-dotted), effective outgoing heat Qout(eff) (red dot-dashed)
and effective work Weff (yellow solid), and(b) total net work W (red dashed) and effective work Weff (blue dotted) are given
as a function of t1 for an Otto cycle working between a hot bath at temperature TB = 0.08 and a cold bath at temperature
TD = 0.05.
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Figure 8. (Color online) (a) Absorbed heat Qin (red dot-dashed) and effective absorbed heat Qin(eff) (blue dotted), and
(b) ejected heat Qout (red dot-dashed) and effective ejected heat Qout(eff) (blue-dotted) are given as a function of t1 for an Otto
cycle working between a hot bath at temperature TB = 0.08 and a cold bath at temperature TD = 0.05.
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